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We used the invariant local chiral currents of principal chiral models for SU(n), 
^ \ SO(n), SP(n) groups to construct new integrable string equations of hydrodynamic 



o 

(N 



type on the Riemmann space of the chiral primitive invariant currents and on the 



• chiral non-primitive Casimir operators as Hamiltonians. 
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1. INTRODUCTION 

For quantum description of string model we must to have classical solutions of the string 
in the background fields. String theory in suitable space-time backgrounds can be consid- 
ered as principal chiral model. The integrability of the classical principal chiral model is 
manifested through an infinite set of conserved charges, which can form non-abelian alge- 



^ . algebra can be considered as Hamiltonian. The polynomials of local chiral currents was 
considered by Goldshmidt and Witten [1] (see also [2]). The local conserved chiral charges 

•rH , 

^ ■ in principal chiral models was considered by Evans, Hassan, MacKay, Mountain [5]. The 
integrable string models of hydrodynamic type was considered by author [3], [4]. In section 
2 the author obtained the basis local invariant chiral currents for SU{n) which they form 
closed algebra under Poisson brackets of hydrodynamic type. The author constructed new 
invariant symmetric tensors and obtained relations between new invariant tensors and basis 
tensors. In section 3 the author obtained new integrable string equations for SU{3) group 
for chiral currents of SU{3) group as local fields of Riemmann space with non-primitive chi- 
ral Casimirs as Hamiltonians. The non-primitive invariant chiral charges for SU{n) n > 4 
are not Casimirs and they can not used as Hamiltonians to construct new integrable equa- 
tions for this groups. The author show that new integrable string equations do not arise for 
S0{21 + 1), S0{21), SP{21) groups for / > 2. 
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A string model is described by the Lagrangian 



and by two first kind constraints: 

d(p''{x)d(i)\x) d(i)''{x)d(j)\x) 

, ,,d(j)''(x)d(p''(x) 

The target space local coordinates (f)"'{x), a — 1, ...,n belong to certain given smooth 
n-dimensional manifold M" with nondegenerate metric tensor 

9ab{(l){x)) = r]^,e'^{<f){x))el{(f){x)), 

where iijV — 1, ...,n are indexes of tangent space to manifold M" on some point The 
veilbein e(^(0) and its inverse e^(0) satisfy to the conditions: 

The coordinates x",x^ = t, x^ = x belong to world sheet with metric tensor g^is in conformal 
gauge. The string equations of motion have the form: 

V^^M" + Tl{<P)da<P%(l>''] =0, da = -^, a = Q, 1, 

where 

is connection. 

The Hamiltonian has form: 

27r 





where Jo/i(0) = e^(0)Pa, Ji{(p) = ^a^^"" and]?a(t, x) = ij^^e'^el-^ct)'' is canonical momentum. 
Let us introduce chiral currents: 
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The commutation relations of chiral currents U'^ are following: 

{U^{x), = i^U^x) - ^V\x) ]5{x -y)- v'^^^^ix - y), (1) 

where 

is torsion. Equations of motion in light-cone coordinates 

±_1 d _ d d 

have form: 

d^u^ = c::,{ct>{x))u''v\ d^v<^ = c':;Mx))v''u\ 

In the case of null torsion: 

string model is integrable one. The Hamiltonian equations of motion under Hamiltonian H 
are described two independent left and right movers: U'^{t + x) and V^{t — x). 



2. INTEGRABLE STRING MODELS WITH CONSTANT TORSION 

Let us come back to commutations relations of chiral currents. Let torsion Cl^^{(f){x)) ^ 
and C^,/A = fnux are structure constant of simple Lie algebra. We will consider string model 
with constant torsion in light-cone gauge in target space. This model coincides to principal 
chiral model on compact simple Lie group. We can not divide motion on right and left 
mover because of chiral currents d-U^ = fl^xU'^V^, d-V^ = fl^xV^U^ are not conserve. The 
correspondent charges are not Casimirs. Evans, Hassan, MacKay, Mountain constructed 
local invariant chiral currents as polynomials of initial chiral currents of SU{n), SO{n), 
SP{n) principal chiral models and they found such combination of them, that corresponding 
charges are Casimir operators of this dynamical systems. Their paper was based on the paper 
of de Azcarraga, Macfarlane, MacKay, Perez Bueno [6] about invariant tensors for simple 
Lie algebras. Let are n® n traceless hermitian matrix representations of generators Lie 
algebra: 
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Here is additional relation for SU (n) algebra: 

4 

De Azcarraga et. al. gave some examples of invariant tensors of simple Lie algebras and 
they gave general method to calculate them. Invariant tensors may to construct as invariant 
symmetric polynomials on SU{n): 



where STr means of completely symmetrized product of matrices and d(^^^,,,^^) is totally 
symmetric tensor and M = 2, 3, oo. Another family of invariant symmetric tensors, such 
named d-family , based on the product of the symmetric structure constant d^^x of SU (n) 
algebra: 

— rl, s — f1^^ jfelfe2 jkM-2kM-3 J'M-S 

— a{ij,i...,j,M) — "(/ii/iaSs ■■■"'lJ-M-2 ^i^m-Wm)' 

where C3 = d^^^x and M = 4,5, 00. 

Here are n — 1 primitive invariant tensors on SU (n) . The invariant tensors for M > n 
are functions of primitive tensors. Evans et.al. introduced local chiral currents based on the 
invariant symmetric polynomials on simple Lie groups: 

JM{U)^d^,...^^U^K..U''^, 

where U = t^U^ and n = 1, — 1 . It is possible to compose the invariant symmetric 
polynomials Jm{U) to basis invariant tensors CuiU): 

cm = v,.uw, c,{u) = d,^,uwu\ Cm{u) = <i,,<f ...te^^t/Mit^..-^MM, 

(2) 

where M — 4,5, ...,00. The author obtained following expression for local invariant chiral 
currents Jm{U): 

4 2 8 
J2 — 2C2, J3 = 2C3, J4 = 2C4 H — Co, J5 = 2C5 H — C2C3, 

n n 

Je - 2C6 + -Cl + -C2C4 + ^Cl (3) 
8 8 24 

J7 = 2C7 H C3C4 H C2C5 H rC2C3, 

n n 

Jg = 2C8 H — C| H — C3C5 H — 6*26*6 H — -C2C^ H — -C^C^ H — rC*,, 
n n n n"* 
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Jg = zGg H — C4G5 H — O3G6 H — H — r-Go H — ;tG3C4 H — ^0205 H — 5-0203. 
n n n n'^ 

The commutation relations of invariant chiral currents Jm{U{x)) show, that these currents 
are not densities of dynamical Casimir operators. We considered the basis family of invariant 
chiral currents Cm{U) and we proved that invariant chiral currents Cm{U) forms closed 
algebra under canonical PB and corresponding charges are dynamical Casimir operators. The 

commutation relations of invariant chiral currents Cm{U (x)) and Cn{U {y)) for M, = 2, 3, 4 
and for M = 2, A'" = 2, 3, 00 are the following: 

{CM{x),CN[y)} = -MNCm+n-2{.x)—6[x -y)- - v)- 

The commutations relations for M > 5, A?" > 3 are following (we show one formula for Cs on 
the right side as example only): 

{C5(x), CM) = -[12C6(a;) + 3C6,i(x)]— - y) - - — [12Cq{x) + 2>C^,^{xmx - y), 

{C,{x), C,{y)} = -[16Cr{x) + 4Cj,,{x)]—6{x - y) - - — [l&C,{x) + 4C7,i(x)](5(a; - y), 
{C,{x), CM) = -[12C7(x) + 6C77,i(x)]^(5(x -y)- '^^[l2C,{x) + &C,,,{x)]5{x - y), 
{C^{x), CM) = -[16C78(x) + 8C8,i W + C8,2(x)]^5(x -y)- 
^^[16C8(x) + 8C8,i(a:) + C^,2{xmx - y), 
{C^{x),C,{y)} = -[16C8(a;) H-8C8,3(x)]^(^(a;-y)- (4) 
- — [16C8(a;) + 8C8,3(a;)]5(x-y), 
{C7(x), CM) = -[12C8(x) + 6C8,i(x) + 3C8,3]^(5(x -y)- 
^^[12C8(x) + QCs,i{x) + 2,CsM]8{x - y), 
{Cs{x), Cs{y)} = -[12C,{x) + GC.^x) + 6C,,2{x)]^S{x - y)- 

^^[12C9(a;) + 6C9,i(x) + QCM]K^ ' v), 
{Cr{x), C4y)} = -[leCix) + 8C,,2ix) + 4C,,six)]—5{x - y)- 
^^[16C9(x) + 8C9,2(x) + 4C9,3(x)]5(a; - y), 



{C^{x),C^{y)] = -[16C9(a;) + AC^^^{x) + 8C9,2(x) + 2C^^^{x)]^6{x - y)- 
^^[16C9(a;) + 4C9,i(x) + %C^,2{x) + 2C^,^{x)]5{x - y), 
{C,{x), Cs{y)} = -[12C,o{x) + 6Cio,i(x) + 6Cio,2(x) + SCio,3{^)]^S{x - y)- 



ld_ 
5 dx 



[l2Cio{x) + 6Cio,i(a;) + &Cio,2{x) + 3Cio,3(x)]5(a; - y), 



{Cslx), C4(i/)} = -[16Cio(x) + 8Cio,2(x) + 8Cio,4(a;)]^<5(x - y)- 



To ax 



[16Cio(x) + 8Cio,2(x) + 8Cio,4(2:)]5(a; - y), 



d 



{C,{x), C^} = -[16Cio(x)+8C'io,3(x)+4Cio4(x)+4Cio,4(x)+2Cio,5(x)+C'io,6(2:)]^(5(x-y^ 
2 a 

- — [16Cio(x) + 8Cio,3(a;) + 4Cio,i(x) + 4Cio,4(2;) + 2Cio,5(x) + Cio,6(a;)]5(x - y), 
{C6(x),C6(?/)} = -[16Cio(x) + 16Cio,2(x) +4Cio,7(x)]^(5(a;-y)- 



29^ 



[16Cio(x) + 16Cio,2(a:) + ^Cwj{x)\5{x - y). 



The new dependent invariant chiral currents Ce,!, C"?,!, C's^i — Cg^s, C'g^i — C9_4, Cio,i — Cio,7 
have the similar form (we show formulas for Cg on the right side as example only): 

The following picture show the graphic image of invariant chiral currents Cm{U) and the 
difference between Cg and Cgi — Cgs. 



C4 



i I 1 1 




'8,3 



Let us note that these PB's (4) are PB's of hydrodynamic type. The ultra local term 
with antisymmetric structure constant in commutation relation of chiral currents U'^ 
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(1) does not contribution to commutation relations of invariant chiral currents because of 
totally symmetric invariant tensors c^(^l...JUJ^^). Therefore chiral currents Cm{U{x)) form closed 
algebra under canonical PB. 

The new dependent invariant chiral currents and the new dependent totally symmetric 
invariant tensors for SU{N) group can be obtained under different order of calculation of 
trace of the product of the generators of SU (n) algebra. Let us mark the matrix product of 
two generators t^, tn in round brackets: 

The expression of invariant chiral currents Jm{U) depends of the order of the matrix product 
of two generators in general list of generators. For example: 

4 8 8 24 24 16 

Js = Tr[t{tt)tt{tt)t] = 2Cs + -Cl + -C3C5 + -C2C6 + ^C^Cl + ^ClC^ + —C^, 

A A 24 12 24 16 

Jg = TT[{tt){tt)t{tA)t] = 2Cs,i + -Cl + -C3C5 + — + — C2C6 + ^ClC4 + —.Cl 

Js = Tr[{tt){t_tmm)] = 2C8,2 + -cl + -CsCe,! + ^ClC + -C^, 

12 8 24 24 1 6 

Jg = Tr[t{tMtt)mt] = 2Cs,3 + -C2C6 + + -C|C4 + ^C2C| + -C^ 

8 8 8 8 48 24 64 

Jg = Tr[t{tt)ttt{tt)t] = 2C^+-C4C^+-C^C^+-C2C,+—Cl+—C2C^C4+—ClCr,+—ClC^, 



J9 ^ Tr[t{tt)tt{tt){tt)] = 

^<-^9,l + n 4<-^5 + n^2'^7 + -'^2^7,1 + -<-^3<-^6,l + ;^<-^2<-^3<-^4 + ^<-^2'-^5 + ;^L^2^3 
^<-^9,4 -r -'-'2<-^7 + -^2^7,1 -r — L'sUg,! + ^(-^2<-^3<-^4 + ;^<-^2'-^5 + ;^<-^2'-^3) 

Jg = Tr[t{tt)t{tt)t{tt)] = 

or^ \ r* \ 8r-i r-i _i_ S/^ _i_ 8 /^3 i 40/^ i 32/^2/^ I 64/^3/^ 

^<-^9,2 + + ^^'-^S'-^e + ;^<-^2(-^7 + -^2'^7,1 + ^^'-^S + ;^<-^2(^3<-^4 + ^L'2^5 + ;^<-^2*-^3, 

^<-^9,3 + ;^^2<-^7 + -<-^2<-^7,1 + —^3^6 + -<-^3 + ^<-^2(-^3<-^4 + ^^(-^2^5 + ;^<-^2'-^3, 

where t — tfJJ^ and two variants of two last expressions for Jq{U) obtained from two 
variants of expression for Jq{U) during calculation Jg{U). Because result of calculation does 
not depend of order of calculation, we can obtain relations between new invariant chiral 

currents and basis invariant currents Cm{U): 

2 2 2 

Cqi — Cq-\ C3 C2C4, 

n n 
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4 4 

Cr.i — C'j -\ — C3C4 C2C5, 

n n 

2 2 

C's.i = H — C'aCs (^2(^6, (5) 

n n 

4 4 4^42 
^8,2 C's H — CaC's C2CQ -C2C^ H — -C2C4, 

2 2 2 

^8,3 = ^^8 H C4 (^2(^65 

n n 



2 438 42 

C'g 1 — Cg-\ C4C5 r-Cg H 5-C2C3C4 H -C2C5, 



C'q2 — C'g H — (^46*5 C2C7 -C2C3C4 H — -C2C5, 

n n 

4 2 2 4 4 2 

^9,3 = C'g H — ^'4^*5 C2C-J C^Cq 5-C'2C3C'4 H — 0^2^5-1 

n n n 

Cqa = Cg H — C4C5 C^Cq 5-C*| H — 5-C*2C*3C4 H — ^(726*5. 

Hence we can obtain the new relations for symmetric tensors: 

dlApd^^drd^fd'^" = dlA'd^^drd^Xe) + -c?(;..a«4,) - - V^Ap4'«e)> 

jfc ^/ m jm jklpmmp _ ik iklilnmmmpip , ^ ^, ^ jkld _ 

77/ 

^ifj.udxpd'^^d^^'d^g^ ^S(p^dxp„d^r9) H — 2^{tiu5\pd^(,^d^re)- 

71/ Tt 71/ 

The family of invariant chiral currents Cm{U{x)) satisfy to conservation equations 
9_Cm(C/(x)) = 0. 



3. NEW INTEGRABLE STRING EQUATIONS 

Let us apply hydrodynamic approach to integrable string models with constant torsion. 
In this case we must to consider the conserved primitive chiral currents currents CMiU{x)), 
(M = 2,3, ...,n — 1) as local fields of the Riemmann manifold. The non-primitive local 
charges of invariant chiral currents with M > n form the hierarchy of new Hamiltonians 
in bi-Hamiltonian approach to integrable systems. The commutation relations of invariant 
chiral currents are local PBs of hydrodynamic type. 

The invariant chiral currents Cm with M > 3 for the SU{3) group can be obtained from 
following relation: 

dklndkmp ~l~ '^fe/m^fcnp ~l~ ^fcjp'^fenm l^i^ln^mp ~l~ ^Im^np ~l~ ^Ip^nm)- 
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The corresponding invariant chiral currents for SU(3) group have form: 

The invariant chiral currents C2,C^ are local coordinates of the Riemmann manifold M^. 
The local charges C2JV, > 2 form hierarchy of Hamiltonians. The new nonlinear equations 
of motion for chiral currents are the following: 

OtN ox 



dtN 2N-r^ ^ ' dx 2N-V ^ ' dx ' 

Here /(x) = C2(?7(x)), g{x) = C3{U{x)) and Hamiltonian has following form: 

2-ir 

^^(t^)- 2N{2N-1) J ^'^^"^'^^)^^' ^ = 2, -,00. 



First equation for function f{x,tn) is generalized inviscid Burgers' equation. It has following 
solution: 

f{x,t^)^h[x-tr,f''-\x,tr,)] (7) 

and h{x) is arbitrary function of x. 

The construction of integrable equations with SU (n) symmetries forn > 4 has difficulties 
of reduction non-primitive invariant currents to primitive currents. Following Balog, Feher, 
O'Raifeartaigh, Forgacs, Wipf we considered the generating function 

A{x,X) = det(l - XU(x)) = exprrln(l - XU^'(x)t^). 

We obtained following expressions for non-primitive invariant currents Cn- 

SU{4) : C5 — > -C2C3, Cq — > -C| + -C2C4, C7 3^2^*3 + -^CsC^, 



— C2CI + -C2C4, Cg — >■ gC'ICa + + 



8342''' 82 11 3 

SU{5) : Cq — > ~'^^2 + 25^3 lO^^^"^' ~50^^^^ 30^^^'* ^^'2(75, 

9 4 Q 14 
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/~y . I ^ I /-^ /-^ I ^ /^2/^ I 

^ 250 ^ ^ 225 ^ 150 ^ 10 ^ ^ 10 ^ 
However, the non-primitive charges are not commuting. They are not Casimirs and we 

can not consider them as Hamiltonians. The similar method of construction chiral currents 
for SO{2l + 1) = Bi, SP{21) — Ci groups was used by Evans et.al. on the base of sym- 
metric invariant tensors of de Azcarraga et.al.. In the defining representation these groups 
generators corresponding algebras satisfy rules: 

where r] is euclidean or symplectic structure. 

The symmetric tensor ctructure constants for these groups they introduced through com- 
pletely symmetrized product of three generators of corresponding algebras: 

t{^,Ux) = v'^^^tp, (8) 

where w^,yAp is totally symmetric tensor. The basic invariant symmetric tensors have the 
form : 

1/(2) ^ r T/(2JV) ^ L/i U1U2 ^2N-3 N ^1 no 

The invariant chiral currents coincide to the basis invariant chiral currents : 

The commutation relations of invariant chiral currents are PBs of hydrodynamic type: 
{V^-\x)M^\y)} = -MNV^----^\x)^J{x -y)- ^^^^^^^^^^^^ " v)- 

The commuting charges of these invariant chiral currents are dynamical Casimir operators 
on S0{21+ 1), SP{21). The metric tensor of Riemmann space of invariant chiral currents is 
the following: 

gMN{V{x)) - -MN{M + N- 2)l^(^+^-2)(a;). 

The commutation relations coincide to commutation relations, which was obtained by Evans 
at.al. . 

We used relations for new symmetric invariant tensors ^(^^j^'^jat) ' '^hich we obtained 
during calculation PB : 

T.(10,l) ^ k I n kin ^ y(10) 

(M1---M1o) (M1M2M3 M7M8M9 Mio) (/il .../iio) ' 
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T/(12,l) _ k I n m klnm _ T/(12) 

(/*!.. .(UI2) (MlM2/i3 WMS/^e /"7/i8M9 /ilOA«llMl2) (MI ••■/"I2) ' 

T/(14,l) ^ k I n m „.klp nmp ^ y{14) 

(/:il.../:il4) (/il/i2/i3 ^//4/i5M6 /i7/i8M9 /ilOMllM12 M13 /UI4) (;il.../il4) ■ 

The invariant chiral currents and T/(^-^) and the new dependent totally symmetric 

invariant tensors for S0{21 + 1), SP{21) groups can be obtained under different order of 
calculation of trace of the product of the generators of corresponding algebras. Let us mark 
the matrix product of three generators in round brackets: 

The different disposition of this triplet inside of J^^ produce different expressions for V^'^: 

= Tr[{{ttt)t{ttt){ttt))] = 2\/(^°), = Tr[{{ttt){ttt){ttt)t] = 2V^^'''^\ 

J(i2) = ^ 2V^^^\ = Tr[{{ttt){ttt){ttt){ttt))] = 2V^''^'^\ 

J(i4) ^ Tr[iitjt)tit_tt)tit_tt)it_tt))] = 2y(^^\ [J(^^) = Tr[{itM)it_tt)itM)it_tt)tt)] = 2y(^^'^). 

New invariant chiral tensors do not led to new invariant chiral currents. We obtained 
following expressions for non-primitive invariant currents Vn for 5*0(2/ + 1), S0{21), SP{21) 
groups: 

13 X X X 5 

The non-primitive charges for I >2 are not commuting also. 

4. CONCLUSIONS 

In present paper author used dynamical polynomial chiral invariant charges to construct 
new integrable equations. It is possible for SU{?i), SO{?i), SP{2) groups only. The non- 
primitive charges for groups of bigger rank are not Casimirs. 

This work was supported by Grant of RFFI-NASU 38/50-2008. 
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